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ABSTRACT

This paper analyzes a spatial gradient-sensing model for eu-
karyotic chemotaxis. The model is in the form of a reaction-
diffusion system and comprises two enzymes A and I, whose
production is mediated by the external signal S, as well as
a response element R. This model possesses the property of
adaptation to spatially homogeneous signals: the response
to spatially homogeneous signals is independent of the con-
centration of the signal. The response to spatially inho-
mogeneous signals results in a spatially inhomogeneous re-
sponse element. We consider the response of the cell in two
cases: (a) A disk-shaped cell in 2-D in a constant gradient
of chemoattractant and (b) A spherical cell in 3-D in a con-
stant gradient of chemoattractant. The response of the cell
is studied both analytically and numerically.

1. INTRODUCTION

Many different types of cells have the ability to direct their
motion by external chemical concentration gradients. This
process, known as chemotaxis, is exhibited in single-cell or-
ganisms such as F. coli, D. discoideum and leukocytes, as
well as multicellular organisms such as C. elegans. It is most
widely studied in the cells of the immune system and the so-
cial amoebae D. discoideum.

Mechanisms for detecting extra-cellular gradients can be di-
vided broadly into two groups: temporal and spatial sensing.
Organisms using temporal sensing compare the intensity of
the external stimulus over time, as the organism moves from
one location to another. Typically, cells that employ tem-
poral sensing move randomly throughout their environment,
altering their spatial orientation at random times. Depend-
ing on the gradient in their stimulus sensed over time, they
alter the probability of changing directions. The resultant
movement resembles a “biased” random walk in which the
cell moves for longer intervals in the direction of desirable
external stimuli. The best known organism using temporal
sensing is the bacterium E. coli [4, 6]. Temporal sensing has
also been postulated as the sensing scheme of the nematode
C. elegans [16].

Some organisms are able to compare simultaneously the in-
tensity of stimulus at different locations even while motion-
less, thus obtaining a profile of their environment — a pro-
cess referred to as spatial or gradient sensing. These or-
ganisms then use this information to guide their movement.
For example, it is known that human leukocytes can detect
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a spatial gradient of y-globulin [21].

Mechanisms for this gradient sensing have not been un-
derstood in as great a detail as those controlling tempo-
ral sensing. Several possibilities exist. In some systems,
e.g. pheromone signaling in S. cerevisiae [3] receptors redis-
tribute and thereby increase sensitivity at the anterior part
of the cell.

In other organisms, such as D. discoideum, it has been demon-
strated that receptors do not redistribute, but remain evenly
distributed on the cell surface during reversals of polar-
ity [20]. Similar experiments in neutrophils have also demon-
strated no redistribution of receptors [18]. Thus, mecha-
nisms must exist that can account for gradient sensing with-
out receptor redistribution.

By measuring GFP-tagged CRAC binding to the membrane,
it is possible to obtain a “readout” of cell polarization [14].
Using this technique, it has been possible to show that cells
that are completely immobilized by inhibitors of actin poly-
merization, for example, latrunculin A, show an undimin-
ished polarized response [14]. Thus, movement is not a nec-
essary requirement for gradient sensing.

1.1 Adaptation

One common feature of many signaling systems exhibiting
chemotaxis is the ability to adapt to different levels of ex-
ternal stimuli, so that it is primarily the gradient of the
signaling molecule rather than the average signal value that
determines the response. This allows, in part, for the great
sensitivity observed by the cells.

Neutrophils, D. discoideum, and S. cerevisiae are able to
detect and respond to extremely shallow chemoattractant
gradients, as small as 2% across the cell’s diameter of ap-
proximately 10 pm. [11, 21, 19, 17] This level of sensitivity
is observed when the mean concentration is near the appar-
ent dissociation constant, though it does diminish for mean
concentrations several orders of magnitude above or below
this level.

2. GRADIENT SENSING: LOCAL ACTIVA-
TION VS. GLOBAL INHIBITION

A hypothetical scheme for achieving gradient sensing has
been postulated for more than a decade [5, 7, 15]. In this



scheme receptor occupancy generates both activation and
inactivation signals. Two contrasting features of these sig-
nals dominate the response.

The first is that the time response of the activation signal
is faster than that of the inhibitory signal. Thus, whenever
there is an increase in receptor occupancy there will be a con-
comitant transient in response. However, as the inhibitory
signal “catches up” to the activation signal, this response
effect ceases. This scheme can explain the adaptation of the
signals to homogeneous external concentrations.

The second main difference between the two signals is the
fact that the excitatory signal is localized at or near the
occupied receptor. The inhibitory signal, however, is allowed
to distribute throughout the cell.

Conceptually, the scheme presented above is plausible. How-
ever, until recently, no formal verification has been con-
ducted. In [10] a mathematical model of a gradient sensing
mechanism using local excitation and global inhibition was
presented. In the next section we show the basic ingredients.

3. MATHEMATICAL ANALYSIS OF THE
MODEL

In this section we present the scheme of [10] that accounts
for both spatial sensing and adaptation.

We assume that an response element is found in one of two
states' active (R*), or inactive; total concentration is Rr.
Active excitory (A*) and inhibitory (I*) enzymes catalyze
the activation and inactivation of the system. Activation of
these enzymes is, in turn, regulated by receptor occupancy,
which is proportional to the concentration of the local sig-
naling molecule (S5).

3.1 Adaptation

We assume that the ligand concentration is homogeneous.
The equation describing the concentration of the active re-
sponse element is

dR*(t * N Tx " *
L - kR OP () + kR - R OIA0) (1)
leading to a steady-state, i.e. lim;— o, concentration
lim R*(t) =: R* = %RT (2)
t—o0 Kg + A*/I*

where Kr = k,./k_, and R* is the steady-state level of the
response element. Note that it is the ratio of enzyme concen-
trations that determines the steady-state value of activity.
Perfect adaptation is preserved even if we allow these con-
centrations to vary with respect to the ligand concentration,
provided that their dependence is the same. For example,
assume that the two enzymes are regulated by receptor oc-
cupancy, which is in turn proportional to signal molecule
concentration S according to

dI*(t)
de

Tn the sequel, R*, etc. refer to both the proteins and their
concentrations.

= —k_iI*(t) + ks[It — I*(t)]S

and
dA*(t)
dt
After an initial transient, the active enzyme concentrations
reach steady state

=k o A*(t) + ka[Ar — A*(1)]S (3)

% — S
lm I"(t) =" = ———1T
M, () STRT
and
. " . S
hm A (t) =: A = 771AT
t—o0 S + KA

where Ka = kq/k—a, Ki = ki/k—_;. These expressions can
then be replaced in (2) to show the steady-state level of
activity as a function of external signal concentration.

For perfect adaptation, this dependence should cancel out.
This can be achieved provided that several assumptions hold.
For example, suppose that Kfl > S, K;l > S so that the
regulation of these two enzymes is in their linear region and
suppose that K};l > A*/I*. In this case we can check that
R* will be independent of the signaling molecule concentra-
tion:

]_DL—* ~ K RQ ﬂ

Ry K Ir
and hence the system will exhibit perfect adaptation.

(4)

3.2 Spatial sensing.

So far we have only demonstrated that the scheme achieves
perfect adaptation. But can it also perform spatial sensing?
We now assume that the concentration of the two active
enzymes A* and [* vary along the length of the cell, denoted
x, with local ligand concentration L(z). In turn, this gives
rise to a local activity proportional to the ratio in enzyme
concentrations

lim R*(t,2) = R*(x) ~ Knol® gy

s " T (@)
If, in the absence of ligand gradients, this dependence is the
same for both enzymes, the steady state activity level, which
is a function of the ratio between these two signals, will
remain the same. Thus, adaptation — and more specifically,
robust adaptation — will be preserved. This alone does not
account for gradient sensing, but it does provide a means by
which gradient sensing can be used.

Following a scheme outline by Parent and Devreotes [15] we
postulate that these enzymes diffuse differently throughout
the cell.

In particular, suppose that the activator enzyme cannot dif-
fuse. In this case, the equation governing the activation of
the activator enzyme is essentially (3), however, a spatial
component is inherited by the external signal, now tempo-
rally and spatially dependent:

OA™(t,x)
ot
under the assumption that At > A*(¢,z).

= —k_oA*(t,z) + ko AT S(x)

The steady-state solution is

A*(x) o S(x)
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In contrast, we assume that the inhibitor diffuses easily:
o1 (t,z)

ot
again, under the assumption that It > I'*(¢,z).

= —k_iI*(t,2) + kiIrS(x) + DV2I(t, z)

To solve this equation we assume that the external source
varies linearly along the length of the cell:

S(x) =co+ a1z

where x is the normalized distance along the length of the
cell. For boundary conditions we assume no flux at the two
ends: z € {0,1}. In this case the steady-state solution is

o) o (CO e (w - , coshoa(eosho — 1) ))

osinh o
where o = y/k_;/D.

It follows that in the absence of a receptor occupancy gra-
dient (c1 = 0) the inhibitor level is constant. With a ligand
gradient, the concentration gradient of the active inhibitor
enzyme (and hence overall steady-state activity) will vary
depending on the level of diffusion.

sinhox

The response element is also assumed to be non-diffusible.
Thus, proceeding as above leads to

R* (x) o Co + C1T
coshoz(cosho — 1)  sinhoz
co+caxr+c - _
o sinh o o

()

showing a spatial response when ¢; # 0.

The 1-dimensional analysis presented here is useful to demon-
strate the suitability of the scheme of Levchenko and Igle-
sias [10]. However, in one dimension, the cell model does
not differentiate between cell interior and membrane. For
this reason, analysis for higher dimensions is desired.

4. ANALYSIS OF THE MODEL IN 2-D

In the previous section, the basic elements of the spatial
gradient-sensing model were presented. As discussed previ-
ously, the response to spatially homogeneous external con-
centrations of the chemoattractant is independent of the
concentration of the chemoattractant. If the external con-
centration of the chemoattractant is spatially varying, the
response of the cell is dependent on the chemoattractant
concentration profile.

While a 1-D model is useful for analyzing in detail to get
some insight into the gradient sensing process, a realistic
representation of the cell will require the extension of the
above model to two and three dimensions. In this section
we study a two-dimensional extension of the above model.

The specific problem we consider is the spatial response of
the cell shaped as a disk, to a unidirectional external con-
stant gradient of chemoattractant. Thus the above model is
posed in the interior of the cylinder.

As discussed above, the main ingredients of the model are a
long range inhibitor enzyme I, a short range non-diffusing

150

{E

¢

(a) / (b

R

z
X y
)

(c

Figure 1: A schematic plot indicating the geometry
of the cell: (a) Cell shaped as a disk of radius R; 6
is the polar angle. (b) Cell shaped as a sphere of
radius Rj; 0 is the angle made by the radius vector
with the z axis. (c) Schematic indicating that the
response element is localized near the boundary of
the cell in a ring of width JR.

(or weakly diffusing) activator enzyme A and a response ele-
ment. In addition, there is another chemical S, the external
signal, which mediates the activation of the enzymes A and
I. The differential equations governing the concentrations
of the species are, in dimensional form,

!
%—It = —k_;I' + kS +kpV2I
!
aa—;l = —k_ oA + koS
/
a(;;z =—k_ IR +kARr—R)

In the above S’ denotes the signal concentration, while I’,
A’ and R’ denote the concentrations of the inhibitor, acti-
vator and response element respectively. These equations
are supplemented by “no-flux” boundary conditions at the
boundary of the cell. In our case, we assume that the cell
is in the shape of a circle of radius R, and that the signal
S resides only close to the boundary of the cell boundary,
specifically in the region (1 — 0)R < # < R. The set up in
the 2-D case is depicted in Fig. 1(a) and 1(c).

At steady state the above model reduces to, in polar coor-
dinates,

kpVPI' —k_I' + k;S'H(7 — (1 = 6)R) =0

—k_oA+ k. SH(F — (1-0)R) =0

—k_I'R' + k. A(Rr —R)=0

where

9 19 107

T 92 R ar | 72002

In the above equations, H(+) is the Heaviside function, indi-
cating that the activating signal is present only in a region
near the outer boundary (# > (1 — §)R). Smoother versions
of the Heaviside function can also be employed.
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The above equations can be cast in dimensionless form.
Nondimensionalizing all concentrations by a quantity Io,
and length by L (to be chosen), we obtain the following
equations where I = I' /Io, A= A'/Io, R* = R'/Io,r =+#/L
and RT = R&\/IO

2
v%-kkL k (r—(1—8)R/L) =0
kil A+ kaSH(r —(1=8)R/L) =0
—k_ IR* +kA(Rr — R*) =0
where

v = 8_2 19 la_z

or? 19} r2 062

‘We choose the length scale L such that LQk,i/kD = 1. This
is for convenience in the calculations later. The equations
then become

V[ - T+ KSH(r—(1-68R/L)=0
—k_ogA+k,SH(r —(1—6)R/L) =0
—k_IR* + k. A(Rr — R*) =0

where K1 = k;/k—;. The no flux boundary condition is
applied at r = a = R(k_;/kp)*/?. We assume that § < 1.

The function S(#) used in the above equation is the value at
the boundary of the cell. This corresponds to the external
concentration of the enzyme S at the boundary. We assume,
for specificity, that a constant gradient of concentration ex-
ists in the y-direction and so outside the cell S = fo + fiy.
Assuming the cell is centered at the origin the concentration
at the boundary can be written as S = fo + f1sin(f), where

f() = fo, and f1 = Rfl.

‘We now proceed to solve the above equations. We note that
when there is no signal, i.e. S = 0, the solution to the PDE
governing the inhibitor profile is I = 0. The first step in
solving the above equations, is to expand both I and S in
a Fourier series in the angular variable. For the case under
consideration, S has just two non-zero Fourier coefficients
and hence so does I. We perform the expansion,

S(0) = po + Zpk cos k8 + g, sin k6
k=1

I(r,0) :ao+2akc0sk0+bksink9

k=1

In the above equations, the Fourier coefficients (aj and by)
of I(r,0) are functions of r. Also, it trivially follows that
po = fo, 1 = f1, and all other px, = 0, g = 0. The ordinary
differential equations governing the radial variation of the
coefficients ag, br are then obtained as
2 2
ddfj + %% - ]:—Qak —an = —KippH(r — (1 - §)R/L)

d’by,  1dbp k?
dr? rdr 712

—by = —KrqeH(r — (1 -96)R/L)

These equations are supplemented by the conditions that a
and by, are finite at the origin, and that day /dr = dby/dr = 0
at the outer boundary.

We start by noting that the only two equations of the above
set, in which the right hand side is non-zero are the ones
for ap and by. Thus all the other coefficients are zero, as
expected. We consider in turn, the equations for ao and b;.
The equation for ag is

d2a0 1 dao

dr? r dr

apg = —K[foH(’l‘ - (1 - 5)R/L)

This is an inhomogeneous linear ODE, the inhomogeneity
being the factor on the right hand side. To construct a
solution for this equation, we first obtain the solution to the
corresponding homogeneous equation:

d2a0 1 dao

a2 T rar =0

Two linearly independent solutions to these equations are
just the zeroth order modified Bessel functions, y1(r) =
Io(r) and y2(r) = Ko(r) [1, 2]. The particular solution
for such an inhomogeneous second order linear differential
equation is given by [2]

(s)F(s)
=v2(r /W s,y2<s>>
—unlr / Wy <>>ds

where W (y1,y2) is the Wronskian of the two functions y;
and y2 (The Wronskian of two functions y(z) and z(z) is

given by W(y(z),z(z)) = y(z)z'(x) — z(x)y'(x)). In this
case, the Wronksian W (Io(s), Ko(s)) = —1/s [2]. Thus, the
particular solution for ag is

yp(r) =Ko(r) /OT slo(s)kifoH(s — (1 —0)R/L)ds

() /O sKo(s)ki foH (s — (1 — 8)R/L)ds

It is worth noting that the particular solution above is non-
zero only in the region where the signal concentration is
non-zero. The complete solution for ap can be written as

ap = C'IO(T) + bKO(T) + yp(7)

where €' and D are constants determined by imposing the
boundary conditions. From the requirement of finiteness at
the origin, it immediately follows that D = 0. The coeffi-
cient C is obtained from the no-flux boundary condition at
the outer boundary. This results in

A yp(R/L)
“="TI®w/L)

where y,, is the derivative of y,. Since Iy is an increasing
function of r and Kj is a decreasing function of r, y, < 0,

and so the constant C is positive. Since y,(0) = 0, ao(0) =
C1p(0). The solution for ag is thus

ao(r) = Clo(r) + yp(r)

The equation for b1 can be solved in exactly the same way.
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The governing equation for b; is

d?b 1db 1
1 Ldb (1 + —) — —KifiH(r— (1 - §)R/L)

dr? r dr

The corresponding homogeneous equation is

d’by  1db 1
2 1+ =) =
dr? * r dr ! + r2 0

Two linearly independent solutions of this equation are the
modified Bessel functions of order 1, y1(r) = I1(r), y2(r) =
Ki(r). The Wronskian W (y1(s),y2(s)) = —1/s [2]. Thus
the particular solution for the inhomogeneous equation is

yp(r) =K1 (1) /OT shi(s)k;fiH(s— (1 —0)R/L)ds
L) /0 sy (s)ki fLH (s — (1 — 8)R/L)ds

Again the general solution for this equation is

bi(r) = GL(r) + HEK:1(r) + yp(r)

As before, we have, by imposing the boundary conditions,

Finally, the inhibitor concentration is obtained as

I*(r,0) = ao(r) + bi(r)sin

The functions ag(r) and bi(r) have been calculated above.
This expression gives the inhibitor concentration in the en-
tire cell. The activator and response element are localized to
the region where the signal is present. The concentrations
of the activator and response element are given by

ka ka

A*(9) = . =

5(0)

(fo + f1 sin 9)

and
k. A*

B =T A

Rt

4.1 Relationship to adaptation and gradient
sensing

We now analyze the results of the previous section in a little
more detail. It is known that when the cell is presented with
a spatially homogeneous signal, its response is independent
of the magnitude of the signal. This property is known as
adaptation. We show below that the concentration of the
response element R* in the presence of a spatially uniform
external signal is independent of the magnitude of the ex-
ternal signal. This, in turn, is a simple consequence of the
linearity of the equations governing A* and I*.

A spatially homogeneous external concentration of chemoat-

tractant can be described in the above calculations by set-
ting fi = 0 and keeping fo constant. The concentrations of
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the inhibitor, activator and response element are given by

I*(r,0) = ao(r)

* _ ka _ ka
ATO) = 7-50) = = fo
and
. kA kAT
A S Pl S ey S

We see that the activator concentration (in the region in
which it is present) depends linearly on the concentration of
the external signal (which is constant). We also see that the
concentration of the response element depends on the ratio
of the activator and inhibitor concentrations A*/I*. The
inhibitor concentration is given by

I*(r,60) = ao(r) = Clo(r) + yu(r)

where
yp(r) =Ko(r) /OT slo(s)kifoH(s — (1 —0)R/L)ds

() /0 sKo(s)ki foH (s — (1 — 8)R/L)ds

and

Cre_ yp(R/L)

I;(R/L)
It is easy to see from the above equations that the particu-
lar solution y,(r) depends on fo linearly. Furthermore, the
constant €' also depends on fo linearly, since the derivative
of y, depends on fo linearly. Thus the overall dependence
of ao(r) on fo is linear (i.e. ao(r) is proportional to fo).
Hence the ratio A*/I* is independent of fo. It immediately
follows that the concentration R* of the response element is
independent of fo.

When fo and fi are non-zero, the response of the cell is
also dependent on 6. The functions ag(r) and by (r) are
positive functions of r. The input has a maximum at 6 =
0 and a minimum at & = 7. We find that the response
element also has the same behavior. A plot of the activator,
inhibitor and response element concentrations for an input
with fo = 1, fi = 1/2 is shown in the next section. Note
that the activator and response element are localized near
the boundary of the cell.

5. ANALYSIS OF THE MODEL IN 3-D

We now consider the same model in 3-D, i.e. we model the
cell as a sphere in a unidirectional gradient of chemoattrac-
tant, and determine its response.

The setting is very similar to that of the previous section:
the cell is modeled as a sphere of radius R centered at the
origin, and the external concentration of the chemoattrac-
tant is given by fo + fi1z which corresponds to a gradient in
the z-direction. This means that at the surface of the sphere,
the concentration of the chemoattractant can be written as
fo+ ficos@, with fo = fo and f1 = Rf1.



Since there is symmetry with respect to the azimuthal angle
¢, the concentrations of the various species are independent
of ¢, and dependent only on the radial co-ordinate r and the
polar angle 6 (see Fig. 1(b)) Scaling the equations just as
before, we obtain at steady state

V[ - T+ KSH(r—(1-68R/L)=0
—k_qA+koeSH(r—(1=96)R/L)=0
—k_IR" + k;A(RT — R*) =0

where, in this case:

o020 1 0 0
T Or2  ror  r2sinf 00 a0

As in the two-dimensional case, no flux boundary conditions

are imposed at the boundary of the sphere.

The solution procedure is very similar to that before. First
we take care of the angular dependence of the solution. Since
the signal S has angular components comprising of 1 and
cos @ which are also the first two spherical harmonics, we
assume that the inhibitor concentration can be written as

I*(r,0) = ao + a1 cos 0

The governing differential equation for ag is

d2a0 2 dao o
d’]‘2 + ;W — ap = —fOK[H(’I"— (1 — 6)R/L)

This is solved exactly as before. The corresponding homo-
geneous equation is
dao  2dag
dr? r dr

—a0:0

Two linearly independent solutions to this equation are the
so-called modified spherical Bessel functions y1(r) = io(r),
y2(r) = ko(r) [2] where the modified spherical Bessel func-
tions are related to modified Bessel functions as

io(’l‘) = 4/ 71'/27’]1/2(7’)
ko(r) = /m/2r K /2(r)
and, in general
in(r) = /7/2r I, 4q1/2(7)

kn(T) = \/7T/27‘Kn+1/2(7')

The Wronskian of functions i, and k,, for all n are given by
(2]
1

r2

W (in(r), kn(r)) =

Thus, the particular solution for the equation for ag is given
by

yp(1r) =ko(r) /OT sgio(s)kifoH(s —(1—=90)R/L)ds

—io(r) /0 s%ko(s)kifoH(s — (1 — 6)R/L)ds

Proceeding as in the 2-D case, the solution for ag is written
as

ao(r) = Ctio(r) + Coko(r) + yp(r)

where C2 = 0 from the requirement of finiteness at the ori-
gin, and C is given by,

The governing equation for a; is

d2a1 2 day 2 _
- —|—;W—a1 1+r_2 =—fiKiH(r—(1-0)R/L)

The corresponding homogeneous equation is

d2a1 2 da1 2
—— = 1+ =< )=0
dr? + rdar @ + r?
for which two linearly independent solutions are the mod-

ified spherical Bessel functions of order 1, yi(r) = i1(r),
y2(r) = ki(r). The particular solution is written as

yp (1) =hn (1) / " in(sYeufLH(s — (1 — )R/L)ds

- 7:1(7‘) /OT 82k1(5)k1f1H(8 — (1 — 5)R/L)ds

The complete solution for a; is thus written as

ai(r) = Gir(r) + Hki(r) + yp(r)

where
H=0
and
o BR/D)
i (R/L)

The inhibitor concentration profile is now given by
I"(r,0) = ao(r) + a1(r) cos 6

The concentrations of the activator and the response element
are, once again

ka

A* = k,aS
* . k’!‘A*
R = koI + kA Rr

Thus, the overall approach to obtaining the profile in 3-D is
very similar to that in 2-D. We again obtain explicit expres-
sions for the concentration profiles of the inhibitor, activator
and response element. The activator and response element
are localized in a region near the boundary of the sphere.
Just like before, we can demonstrate the adaptation prop-
erty of the cell-sensing mechanism to homogeneous external
chemoattractant concentrations.
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6. NUMERICAL SIMULATIONS

In this section we shall indicate some of the numerical calcu-
lations performed with this model in 2-D to obtain the con-
centration profiles of the activator, inhibitor and response
element concentration profiles.

All simulations are performed for the case where the cell is
shaped as a disk of radius R. The values of the various rate
constants are as follows: k., = k_, = 1, ka = k_o = 2,
ki = k—; = 1 (units for k;s and k,s are in inverse seconds,
those of k, and k_, are in inverse seconds, inverse nM; and
kp = 100um? /s. The radius of the cell is taken to be 10um
and the thickness of the annular ring in which the activator
and inhibitor reside is 0.5pm.

The first case we consider is the effect of a uniform exter-
nal concentration of chemoattractant. The first column of
Fig. 2 shows respectively the concentration profiles of the in-
hibitor, activator and response element. We see that there
is no variation in the angular direction. Now, if we increase
the external concentration of the chemoattractant, we see
in the third column of Fig. 2 that the new response element
concentration is the same as before, thus illustrating perfect
adaptation. The steady activator and inhibitor concentra-
tions are also shown in the third column and it is evident
that they have changed. The second column shows instan-
taneous profiles of the inhibitor, activator and response ele-
ment at an intermediate time.

In Fig. 3 we show the activator, inhibitor and response ele-
ment concentrations when the external concentration of the
signal is inhomogeneous. The first row shows the instan-
taneous concentration profiles at an intermediate time, and
the second row shows the steady state values. The plot be-
low (c) shows the external concentration profile of the signal.
This, in turn, is obtained by finding the concentration pro-
file external to the cell corresponding to a localized source
of signal.

Finally, in Fig. 4 we show the inhibitor and response element
profiles arising from an external signal profile given by fo +
f1sin @ which in turn corresponds to a linear concentration
profile with a constant gradient in the y-direction.

7. CONCLUSIONS

In this paper we have demonstrated that the mathemati-
cal model of gradient sensing formulated by Levchenko and
Iglesias will work for cell models of both two and three di-
mensions. The biological plausibility of the model is detailed
in [10] for both amoeba and leukocytes.

It should be stressed that the model presented here is only
one component of the whole signaling cascade involved in
eukaryotic gradient sensing. One feature it fails to show is
the large gains in sensitivity that are seen experimentally.
In fact, as seen in (5) in the one-dimensional case, the re-
sponse element’s concentration is of the form of R*(z) =
1/(1 + f(z)) where f(x) is a non-negative function of the
spatial dimension. Thus, the difference in activity between
the front and rear of this model of the cell is always lower
than that of the external chemoattractant gradient. Mathe-
matical models that account for this high amplification ex-
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ist [12, 13], however, neither of these achieves its amplifi-
cation at the same time as it achieves perfect adaptation.
A model of a system that accounts for gain amplification is
presented in [8]. That it can be appended to the gradient
sensing mechanism is demonstrated in [10]. Thus, the gradi-
ent sensing mechanism postulated here can act as a “control
module” in the sense discussed in [9].
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Figure 2: The response of the cell owing to a step change in the homogeneous external concentration. (a)
The initial activator, inhibitor and response element concentrations, corresponding to S = 0.2nM. (b) The
concentration profiles at an intermediate time when the external concentration level is changed to S = 0.4 nM.
(c) The final steady-state concentrations owing to the external signal S = 0.4nM. Parameters are as indicated

in the text.
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Figure 3: The response of the cell to an external inhomogeneous profile of S. This profile is that of an external
point concentration and is shown in (c). The initial (a) and final (b) concentrations of all three species are
shown. It should be noted that all three species show a spatial response.

Figure 4: The steady state concentration profile to a uniform gradient imposed in the y-direction. S(6) =
fo+ fisinf where fo =0 and fi =1/2nM.
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